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Abstract

Best arm identification (BAI) is a key problem in stochastic
multi-armed bandits, where K arms each has an associated re-
ward distribution, and the objective is to minimize the number
of queries needed to identify the best arm with high confi-
dence. In this paper, we explore BAT using quantum oracles.
For the case where each query probes only one arm (m = 1),
we devise a quantum algorithm with a query complexity up-
per bound of O(KA~!log(1/6)), where ¢ is the confidence
parameter and A is the reward gap between best and second
best arms. This improves on the classical bound by a factor of
A~L. For the general case where a single query can probe m
arms (1 < m < K) simultaneously, we propose an algorithm
with an upper bound of O((K/vm)A~"log(1/6)), improv-
ing by a factor of v/m compared to the m = 1 case. We also
provide query complexity lower bounds for both scenarios,
which match the upper bounds up to logarithmic factors, and
validate our theoretical results with Qiskit-based simulations.

1 Introduction

Best arm identification (BAI) is a fundamental problem
in the bandits and online learning communities (Audibert,
Bubeck, and Munos 2010; Bubeck, Munos, and Stoltz 2011;
Mannor and Tsitsiklis 2004). Given K € N* arms, each
arm k is associated with a reward distribution with unknown
mean ug, and the goal of BAT is to identify the arm with
the largest mean reward, with a confidence of 1 —§, using as
few queries as possible. The number of queries required is
called the query complexity. Each query, in the classical set-
ting, corresponds to the learner pulling (sampling) one arm
and observing a reward drawn from the arm’s reward distri-
bution. As the learner only cares about finding the best arm,
the BATI problem is a pure exploration problem. BAT has
many real world applications, such as, clinical trials (Rob-
bins 1952), network routing (Barrachina-Muifioz and Bel-
lalta 2017), and crowdsourcing (Zhou, Chen, and Li 2014).
Recent progress in building quantum computers (Arute
et al. 2019; Chow, Dial, and Gambetta 2021) and quantum
networks (Wehner, Elkouss, and Hanson 2018; Azuma et al.
2022) has been encouraging, and wide applications of quan-
tum systems are envisaged in the near future. In these quan-
tum systems, BAI problems also emerge. For example, a
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quantum network may contain multiple channels between
source and destination nodes. Among these channels, one
may want to determine the “best” one, where “best” may re-
fer, for example, to the channel with the highest fidelity (Liu
et al. 2024) or with the lowest noise (Li, Deng, and Zhou
2008). Another example is in distributed quantum comput-
ing (Cacciapuoti et al. 2019), where different quantum com-
puters may have different performances when applied to the
same problem, and one wants to identify the quantum com-
puter that provides the best performance for a given task.
Although one can still apply classical BAT algorithms to
address these problems, we aim to show that the quantum
information feedback from these quantum systems can be
leveraged to improve the learning efficiency.

In this paper, we study the BATI problem in quantum sys-
tems, where the learner can query the arms using quantum
queries. More specifically, we study two key advantages of
quantum feedback in BAT: (1) quantum parallelism (Chuang
and Yamamoto 1995), and (2) quantum entanglement (Ein-
stein, Podolsky, and Rosen 1935). The quantum Monte
Carlo estimator (parallelism, Lemma 1) provides a more ef-
ficient estimator for the learner to estimate arm rewards. Ad-
ditionally, multi-qubit oracles with entangled quantum su-
perposition inputs enable the learner to query multiple arms
simultaneously (coherently) within a single query. We model
the former advantage by weak quantum oracles, one for
each arm, and the latter by a constrained quantum oracle
which can query several arms coherently (both detailed in
Section 2.2). When a constrained oracle can query all arms
coherently, we call it a strong quantum oracle.

The development of effective algorithms for both oracles
necessitates the use of quantum computing to manage quan-
tum information feedback and leverage quantum parallelism
and entanglement. However, obtaining a valid output from
a quantum computing subroutine, such as amplitude am-
plification (Brassard et al. 2002), typically demands mul-
tiple consecutive queries on the same arm or a subset of
arms for the constrained oracle. This characteristic renders
the classical BAT algorithm design and analysis ineffective
for BAT with quantum oracles. Consequently, it is impera-
tive to contemplate new algorithm designs and analyses for
BATI with quantum oracles. On the other hand, to investi-
gate the fundamental limit of quantum BAI problems, we
need to establish query complexity lower bounds. However,
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Table 1: Comparison of query complexity bounds with classical and quantum BAT

given that quantum information (including parallelism and
entanglement) offers more informative and inherently differ-
ent query feedback than classical BAT, the classical proofs
of BAT complexity lower bound are not applicable. Instead,
one needs to adapt quantum computation and quantum in-
formation approaches to examine quantum BAT problems.
Additionally, to empirically validate the performance of de-
vised algorithms for BAI with quantum oracles, one has to
utilize quantum circuits (Nielsen and Chuang 2002) and im-
plement the necessary quantum computation subroutines us-
ing basic quantum logic gates.

We summarize the key contributions of this paper as fol-
lows:

e For BAT with the weak quantum oracle, we derive a
query complexity lower bound Q (3, (1/Ag) log(1/6)),
showing that no quantum algorithm can achieve a smaller
query complexity. Then, we propose an elimination-
based quantum algorithm (Q-E11im) and derive its query
complexity upper bound O (3, (1/Ax) log(1/6)), where
the suboptimality gap Ay = pu; — ug is the difference
ig the mean rewards of the optimal arm and arm k, and
O(+) hides poly-logarithmic factors. This implies that
Q-Elim is near-optimal up to logarithmic factors for
BAT with the weak quantum oracle (Section 3).

e For BAI with the m-constrained quantum oracle,
we propose a partition-based quantum algorithm
(0—Part), and derive its query complexity upper bound

O(Ysew | Skes 1/Ai log (1/6)), where B is a partition

of the full arm set, i.e., a set of arm subsets, each subset
S containing m arms. We also derive a query complex-

ity lower bound of Q(3,seg A/ Zxes 1/A7) for the parti-

tion algorithm class, which matches the upper bound of
Q-Part up to logarithmic factors (Section 4).

* We implement our quantum algorithms using the IBM
Qiskit (Qiskit contributors 2023). We first corroborate
the superiority of our quantum algorithms over classical
BAT algorithms. We then evaluate our algorithms under
simulated quantum noise (Section 5).

Related Works Prior works on multi-armed bandits
(MAB) typically focus on regret minimization and BAI. This
paper focuses on the BAT setting (Even-Dar, Mannor, and
Mansour 2002; Even-Dar et al. 2006; Mannor and Tsitsiklis
2004). The BAT setting can be divided into two categories:
(1) BAT with fixed confidence—find the best arm with a con-
fidence of at least 1 — § (6 € (0, 1)) using as few samples

as possible (Bubeck, Munos, and Stoltz 2011); and (2) BAT
with fixed budget—given a fixed budget of Q queries, find
the best arm with as high a probability as possible (Karnin,
Koren, and Somekh 2013). In this paper, we focus on the
former category which, for brevity, we will refer to sim-
ply as the BAT problem. BAT with the strong quantum or-
acle was first studied by Casalé et al. (2020); Wang et al.
(2021), where they proposed a near-optimal quantum algo-
rithm that enjoys a quadratic speedup in query complexity.
We are the first to study the BAT problem with the weak
and constrained quantum oracles. Besides BATI, another ob-
jective, regret minimization in bandit theory, has also been
studied with quantum oracles, including Wan et al. (2023);
Dai et al. (2023); Wu et al. (2023), etc. We defer a more
detailed discussion of these works and other loosely related
works to Appendix A.

In Table 1, we summarize the key results in this pa-
per and compare them to prior works. Comparing the Ag-
dependence of the complexities, we have

1 1 1 1
- X - X - X — 1)

—— ———— —— S~——
Strong oracle  m-constrained oracle ~ Weak oracle  Classical oracle

All BAT problems with quantum oracles enjoy smaller query
complexities than the classical one. The query complexity of
the weak quantum oracle is worst among quantum oracles,
which is due to the fact that the weak oracle cannot exploit
quantum entanglement to probe multiple arms in parallel.
The query complexity of the m-constrained quantum oracle
lies between that of strong and weak oracles, and when m =
1 (resp., m = K) the complexity coincides with that of weak
(resp., strong) oracles.

2 Model
2.1 Preliminaries

Best arm identification (BAI). Consider a multi-armed
bandit (MAB) consisting of K arms, where each arm k& €
K ={1,2,...,K} is associated with a Bernoulli distribu-
tion B(ux) with mean ;. € (0,1).! An MAB instance is
determined by the mean rewards of its arms, and we denote
an instance 7 with means u1,...,ux as I = {uy,..., uxg}.

"More general distributions, such as sub-Gaussian or bounded
distributions, have also been considered in the MAB literature (Auer
and Ortner 2010; Lattimore and Szepesvdri 2020).



For simplicity, we assume the K arms are labeled in descend-
ing order of their means: yu; > up > ... > ug, unknown to
the learner, and denote the mean reward (suboptimality) gap
as Ax = u1 — pg for suboptimal arms k > 1 and A; = Ay
for the optimal arm. We assume a unique optimal arm for
the simplicity of the later presentation of the algorithms and
analysis. One could extend the results to multiple optimal
arms with techniques in bandits literature, e.g., find an e-
optimal arm (Even-Dar, Mannor, and Mansour 2002). Then,
given confidence parameter § € (0, 1), the best arm iden-
tification (BAI) problem is to correctly output the best arm
with a probability of at least 1 — § using as few queries as
possible, noted as the query complexity Q.

Next, we present some basics notation from quantum
computation and information (Nielsen and Chuang 2002).

Bra-ket notation. We make use of bra-ket notation
to represent quantum states, where the “ket” |x) =
(x1,x2,... ,xn)T € C" denotes a column vector of n com-
plex numbers, while the “bra” (x| = |x)T = (X7, X5, -+ 5 X)),
arow vector, is the conjugate transpose of |x). For two quan-
tum states |x),|y) € C”", their inner product is denoted as
(x|y) = X7, xy; € C, and given another quantum state
|z) € C™, the tensor product between |x) and |z) is denoted
as |x) |z) = |x) ® |z) := (X121, X122 - - - » XnZm) € C* @ C™.

Qubit. A “qubit” is a two-level quantum system |¢) =
(a,B) € C2, often written as |¢) = a|0) + B]|1), where
|0Y = (1,0)T and |1) = (0, 1)T are two basis states, and
a,B € C are complex numbers, called amplitudes, satis-
fying |@|* + |8]*> = 1. A measurement of the qubit in the
{|0), 1)} basis will give a ‘0’ with probability || and a
‘1’ with probability 1812

Quantum query model. In the quantum query model,
one has access to a black-box unitary operator (i.e., oracle)
which implements a given transformation. The objective is
to study the query complexity, i.e., the number of calls Q
to the oracle needed to solve a given task; all other possi-
ble costs, e.g., gate complexity, are ignored. This is a com-
monly used model for studying quantum algorithms (Childs
2017, §20) and can be used, for instance, to obtain algo-
rithmic running time lower bounds (Klauck, épalek, and
De Wolf 2007). In this paper, we study the query complexity
of best arm identification with fixed confidence under weak
and constrained quantum oracles.

2.2  Quantum Oracles

Before introducing the quantum oracles, we first recall the
classical oracle for the BAI problem. That is, when query-
ing an arm k, one obtains a reward drawn from a Bernoulli
distribution B(uy) with unknown mean uy, i.e.,

Xk ~ B(,uk). (2)

We refer to (2) as the classical oracle.
In the quantum setting, the Bernoulli distributions can be

mapped to oracles O\g;;k (one for each k) that act as follows,

Ok (0)g > T = 00 +ViEE Dy (3)

where the register |-)z represents a single-qubit “bandit re-
ward” register with basis states |0) and |1). The output qubit
encodes the Bernoulli reward, meaning that if one measures
the output in the basis {|0), |1)}, the probability of observ-
ing |1) is g, while the probability of observing |0) is 1 — u.
We refer to (3) as the weak quantum oracle.

Note that directly measuring the output qubits reduces the
weak oracle to a Bernoulli distribution. However, aside from
direct measurement, the output qubits enable efficient quan-
tum parallelism through quantum computing algorithms,
which we elaborate in Section 3.

To harness the entanglement properties of quantum infor-
mation in real-world quantum systems, we consider a more
general quantum oracle that allows simultaneous querying
of multiple arms. In addition to the reward register |-) , we
introduce an “arm index” register |-);, which has K orthog-
onal basis states {|k) I}le, each corresponding to an arm.
A quantum state in the |-); register can be expressed as
Zszl ay |k);, where ay € C are the amplitudes of the arms,

and normalization requires that Zsz | la =1

With the assistance of the arm index register, we define
a constrained quantum oracle that outputs states entangling
the arm index and reward registers. Assuming the oracle can
access m € {1,2,...,K} arms simultaneously, for any sub-
set of arms S € K with |S| = m and Y ;e lax|* = 1, the
oracle is defined as follows:

Ot : ) ax 17 0
keS

= Y ax )y (V= i 100 + VEE 1))

keS

4)

when m = 1, the oracle reduces to the weak quantum oracle
in (3), and when m = K, it becomes the strong quantum
oracles as follows,

K

Ouro : ) ax k)7 10)g

k=1
K
= > ax k) (VT= 4 10) g + ViK1 D)
k=1

The constrained quantum oracle in (4) is more powerful than
the weak oracle in (3) because it can access multiple arms
coherently in a single query, whereas the weak oracle only
allows access to one arm at a time. In Section 4, we present
a BAT algorithm using the m-constrained oracle, which out-
performs the weak oracle when m > 1.

In practice, coherently querying a large number of chan-
nels may be technologically challenging, which motivates
the general m < K case. This limitation reflects a tech-
nology constraint where more options exist than can be ac-
cessed simultaneously. Such technological constraints may
also affect, for example, access to quantum states stored in
memory. In this case, a weak oracle would support individ-
ual calls to memory, while an m-constrained oracle functions
like a dynamically loadable quantum random access mem-
ory (QRAM, see Appendix B), capable of querying multiple
entries at once.

®)



3 BAI with Weak Quantum Oracle

In this section, we address the BAI problem using a weak
quantum oracle as described in (3). Querying this oracle for

arm k yields the state /1 — g |0) + /g |1). To estimate iy
efficiently, we use the following lemma:

Lemma 1 (Performance of QuEst, adapted from Monta-
naro (2015); Grinko et al. (2021)). For a weak quantum or-

acle O&i;k in (3), there exists a constant C; > 1 and a quan-

o ; (k) .
tum estimation algorithm QUEst (O, , €, 6) that estimates

Ux with precision € and confidence ¢ (i.e., P(|fdx — px| =
€) < 0), using at most % log % queries.

This quantum estimator QuEst achieves a quadratic
speedup over the classical estimators that require
O((1/€?)10g(1/6)) queries. Unfortunately, QuEst lacks
flexibility: it does not generate any information before the
entire procedure has completed, unlike classical estimators
that improve estimates incrementally during the samples
arriving and allows for sample reuse.

To address this issue, we first use QuEst to develop a
batch-based elimination algorithm for BAT with the weak
quantum oracle in Section 3.1. We then establish an upper
bound on the query complexity of this algorithm in Sec-
tion 3.2. Finally, in Section 3.3, we present a lower bound
for any BAT algorithm using a weak quantum oracle, high-
lighting the fundamental limits of the task.

3.1 Algorithm Design

Algorithm 1 presents a quantum elimination algorithm
(0—Elim) for BAI. The core idea of the elimination pro-
cess is to maintain a candidate arm set C (initially set to the
full arm set K), gradually identify and remove suboptimal
arms from C as learning progresses, and terminate when C
contains only one arm, which is then declared as the optimal
arm.

Although several classical elimination algorithms, such
as successive elimination (Even-Dar et al. 2006), have been
proposed for BAT using classical oracles, these cannot be di-
rectly adapted by simply replacing classical estimators with
the quantum estimator from Lemma 1 due to the rigidity of
the quantum estimator (one cannot acquire any information
from QuEst before the entire procedure completed).

A significant challenge in designing our quantum algo-
rithm is determining when to perform quantum estimation
QuEst and arm elimination. We address this by proposing
a batch-based exploration and elimination scheme, where
Jj € {1,2,...} denotes the batch number. In each batch,
we query all remaining arms in the candidate arm set C a
number of times depending on the batch number j (Line 2),

conduct QuEst (O\(V];;k, 277, %
wards of arms in C based on the queries from this batch
(Line 3), and eliminate newly identified suboptimal arms
(Line 5) at the end of the batch. As j increases, we pro-
gressively increase both the number of queries (Line 6) and

the estimation accuracy of QuEst (Lines 2 and 3).

) to estimate the mean re-

Algorithm 1 Q—-E1im: Quantum elimination algorithm for
BAT with weak quantum oracle

Input: fixed confidence parameter 6 and number of arms K
Initialize: empirical mean fi; < 0, candidate arm set C «
XK, batch number j « 1
1: while |C| > 1 do
2: Query each arm k € C for 2/ log(2/]C|/6) times
P
3: Run QuEst (O&e;k, 277, %)
and update these arms’ estimates fig
4: fAmax < MaxXgec fk .
CC\{keC:fx+2-277 < fimu}  »Arm
elimination
6: je—j+1
Output: the single remaining arm in C.

for each arm &k in C

o

3.2 Query Complexity Upper Bound for
Elimination Algorithm

Theorem 1 (Query complexity upper bound of Algo-
rithm 1). Given confidence parameter § € (0, 1), the query
complexity of Q—E11im is upper bounded as follows,

4\16C;, K
Q<Zlogz( )—llg—

R 0 s
kek Ar) Ak 6

where log is the natural logarithm, and log, is the logarith-
mic function base 2.

Comparison with the query complexity lower bound
in Theorem 2 shows that our upper bound in Theo-
rem 1 is tight up to logarithmic factors. Compared to
the classical oracle sample complexity upper bound of
O(Xrexc(1/Ar)?10g(1/6)) (Karnin, Koren, and Somekh
2013), the query complexity upper bound in Theorem 1 has a
quadratic improvement in the dependence on 1/Ay, for each
individual arm. In contrast, the strong quantum oracle sam-

ple complexity upper bound O (/Y « l/Ai log(1/6)) (Wang
et al. 2021) achieves an overall quadratic speedup. That is,
as the first inequality of (1) shows, the coefficient of the
query complexity lower bound of the weak quantum oracle
is larger than that of the strong oracle, and is, in the worst
case, VK times larger.

3.3 Lower Bounds for BAI with weak quantum
oracle

Lastly, we present a query complexity lower bound for BAT
with a weak quantum oracle. This lower bound describes the
fundamental limits of the BAT task with a weak quantum
oracle and is independent of the specific algorithm used.

Theorem 2 (Query complexity lower bound for best arm
identification). Given a quantum multi-armed bandits in-
stance Iy = {u1, ..., ug } where uy € (0,1/2) for all k and
1 > o = pg forany k # 1, any algorithm that identifies
the optimal arm with a given confidence 1 — 6, § € (0,1)
requires Q queries to the weak quantum oracle, where



Thus, to identify the best arm with confidence 1 — 4, it
is necessary to pull each arm k at least 1/(4Ay) log 1/(46)
times. The proof of this lower bound consists of two steps:
(1) apply the quantum hypothesis testing techniques to prove
a lower bound for the task of two arm identification, and
(2) extend the lower bound of the two-arm case to multi-
ple arms via adapting the lower bound proof of the classical
best arm identification. The detailed proof is presented in
Appendix F.

First, Theorem 2 demonstrates that the query complexity
of Q—-Elim, as established in Theorem 1, is near-optimal
(up to some logarithm factors). Compared to the classical

oracle’s sample lower bound Q (Z kek ALZ log %) (Mannor
K

and Tsitsiklis 2004), our lower bound shows a linear de-
pendence on 1/Ay rather than quadratic. When compared to
the strong quantum oracle’s sample complexity lower bound

Q( Dk é(l —J6(1- 5))) (Wang et al. 2021, Theorem

5), the weak oracle’s query complexity lower bound has a
larger coefficient, which can be up to VK times greater in
the worst case. However, our lower bound improves on the
dependence on 4, as log(1/6) is significantly larger than

1 —+/6(1 = 6) when § is small.

4 BAI with m-Constrained Quantum Oracle

In this section, we present a partition algorithm for BAT with
the m-constrained quantum oracle. We first present some key
subroutines in Section 4.1 on quantum computing, and then
present our algorithm in Section 4.2, followed by the algo-
rithm’s query complexity upper bound in Section 4.3, as well
as a lower bound for any partition algorithms in Section 4.4.

4.1 Key Quantum Subroutines

Variable-Time Algorithm Construction The variable-
time algorithm of Ambainis (2010); Wang et al. (2021) can
be used to transform an m-constrained quantum oracle with
a reward register |-)p into an oracle (VTA) that outputs a
state with a flag register |-)  which distinguishes arms with
large mean rewards from other arms. For an m-constrained

oracle Oég?s and a subset S, VTA takes an interval I = [a, b]
with 0 < @ < b < 1 and a parameter @ € (0, 1) as inputs.
It divides S into three subsets: Sjgny = {k € S : yx >
b— b%“} (high rewards); St = {k € S : ux < b - b%“
(low rewards); Spiddle = S \ (Siight U Steft) (intermediate
rewards). The output state is:

1
VIA(OG. 8.1 = [a.b]. ) : v DIy —

keS
1 ©)
— | DU E D I 10) e+ D 1K) i |
\/% kES,igh[ k€ Sieft k€ Smiddie

where |-) indicates the subsets Sygne and Siee With 1) ¢
and |0) respectively. Arms in Spigqle are represented by
|¢x)p, with specific states depending on « and the MAB
instance. The probability of observing |1)g iS pgood =

% (|Sﬁght| + Zkesmiddle |ﬁk|2), where (i depends on |y ).
The algorithm’s pseudocode is in Appendix C.1.

Amplitude amplification (Amp1i fy) and amplitude esti-
mation (Estimate) The Amplify and Estimate are
two fundamental quantum computing algorithms (Brassard
et al. 2002). Amp1ify enhances the amplitude of a target
basis state, while Est imate estimates the amplitude of that
state. Since these algorithms are well-established, we omit
their pseudocode and direct interested readers to Brassard
et al. (2002) for details. In this work, we apply both algo-
rithms with the VTA oracle in (6), using |1); as the target
state. The performance of Amplify and Est imate in this
context is discussed in Lemma 5 in Appendix C.1.

Good Ratio (GoodRatio) Subroutine The good ratio
subroutine is based on the variable-time algorithm (VTA)
and amplitude estimation (Estimate). It takes an m-

constrained oracle Oc(gfl)s for a subset of arms S, an interval
I = [a, b], and a confidence parameter ¢ as inputs, and out-
puts an estimate of the ratio of “good arms” in S, where the
“good arms” are the arms with mean reward greater than a
in the interval /. The subroutine is detailed in Algorithm 4
in Appendix C.2. Lemma 2 provides the subroutine’s perfor-
mance guarantees.

Lemma 2 (Performance of GoodRatio). Given an inter-
val I = [a,b] and a confidence parameter 0 < § < 1,
there exists a GoodRatio(OC([E,)s,S, I = [a, b], ) subrou-
tine which uses O(G) queries to output an estimate pgood 0f
the “good arm” ratio pgooa such that

0.1 . 0.1
0.9 (pgood - _) < P good <1.1 (pgood + _)
m m
with probability at least 1 — 6, where the parameter G =

1 1 1 m
\/(b—a)2 + [ Srigh| 2keSienUSmidae (b—pr)? polylog ( 6(b—a)) :

Lemma 2 guarantees that GoodRatio provides a good
estimate of the ratio of good arms in the subset S with high
probability and with in a reasonable number of queries.

Partition Shrink (Part Shrink) Subroutine The parti-
tion shrink subroutine takes as input the m-constrained ora-

cles OC(OS,,)S for each subset S in the partition set B, the parti-
tion set B itself, an interval /, and parameters & € {1,2} and
6 € (0,1). The parameter & = 1 (resp. h = 2) directs the al-
gorithm to shrink the input interval 7 so that the best arm p;
(resp. the second best arm p») lies inside the output interval
J. Utilizing a technique from quantum ground state prepara-
tion (Lin and Tong 2020), Part Shrink divides the input
interval I = [a, b] into five sub-intervals of equal length and
outputs a new interval J consisting of three consecutive sub-
intervals, as illustrated below:
a a+e€ a+2ea+3ea+de b
Input Interval /: ¢ + + + + >
”””” case (0,0) $mmmm——m—
Irf?gf;t‘]: cases (1,0),(0,1) ¢————
case (1,1) D e

Which case the output interval J above corresponds to
depends on the input parameters and the mean reward



Algorithm 2 Q-Part: Partition Algorithm for BAT with
coherent query constrained m

Input: full arm set K, confidence parameter §, constraint m
Initialize: 6 «— 6/2,1;,1, < [0,1],6’ < ¢
1: Partition the full arm sets to [K/m] subsets, each with
m arms, together denoted as a set B
>Stage (i): identify best arm subset
2: while min I} — max I < 2|I{| or |B| > 1 do

I « PartShrink ((Ofiﬁ)\/ge%, B, 1, 1,(5’)

I, « PartShrink ((0565;1?9)\18658, B, 1,2, 5')
: for S € B do
6: if GoodRatio (Oc((;snl, 11,6’) = 0 then
>If no good arm inside subset S
B—B\S »>Subset elimination
8: ¢’ « ¢'/2>Halve confidence parameter
9: 51 — minIl, fz — maxlz
10: S «— B >Only remaining subset in B
>Stage (ii): identify best arm
11: Construct variable-time quantum algorithm A <«
VTA(OL, S, 1 = [6,£1],0.015)
12: k <« Amplify(A,d)
Qutput: arm k

of the arms in the interval /. We refer the detail to the
PartShrink subroutine in Algorithm 5 in Appendix C.3.
The performance guarantees are provided in Lemma 3.

Lemma 3 (Performance of PartShrink). Given h €
{1,2}, an interval I = [a, D], and a confidence parameter
0 < 6 < 1, supposing pup € I and |1| = Ay /8, there exists a

PartShrink ((Oc(gll)vgeq;, B,1,h, 6) subroutine which

1. outputs an interval J with |J| = 3|1|/5 such that u, € J
with a probability of at least 1 — 8, and

2. uses O (236% [2kes A_li polylog (%Az)) queries.

Lemma 3 guarantees that Part Shrink outputs an inter-
val J containing the mean reward pj with high probability
and in a reasonable number of queries. The proofs of Lem-
mas 2 and 3 are presented in Appendix E.1.

Next, we present the partition algorithm for BAT with
the m-constrained quantum oracle that builds on the
GoodRatio and PartShrink subroutines.

4.2 Algorithm Design

This section presents the partition algorithm (Q-Part in
Algorithm 2) using the m-constrained quantum oracle. The
algorithm partitions K arms into K /m subsets? and queries
arms within each subset to find the optimal one.

Initially, Q—Part partitions the K arms into K/m sub-
sets Si,...,Sk/m (Line 1), each containing m arms, and
denote B := {Si,...,Sk/m}. The algorithm has two main

2If K /m is not an integer, add n dummy arms (where n < m) to
make m | (K +n).

stages: (i) identifying the subset containing the optimal arm
(Lines 2-8) and (ii) finding the best arm within that subset
(Lines 9-12).

To find the optimal arm’s subset, Q-Part uses an elimi-
nation process. It starts with all subsets in B and progres-
sively removes those without the best arm until one re-
mains. The algorithm maintains two intervals, I; and Iy,
both initialized to [0, 1]. Within the while loop (Line 2),
PartShrink is applied to shrink the intervals /; and I,
(Lines 3-4). Then, GoodRat io checks each remaining sub-
set to see if it contains an arm with a mean reward in ;. If
not, the subset is eliminated (Line 7). The loop ends when
only one subset remains, and /; and [, are separated by a
gap of at least 2|71 (i.e., min I} — max I, > 2|I]).

Upon completion of Stage (i), 0—Part identifies the sub-
set containing the best arm, with /; containing the mean
reward p; of the best arm and I, containing the mean re-
ward p» of the second-best arm. The endpoints £; = min [,
and {, = max/, separate the best arm from the rest
(Line 9). To find the optimal arm, Q-Part uses a variable-
time algorithm (VTAZ) in (6) with the remaining subset S
and interval [£;,¢;] as inputs (Line 11), which produces
the expected output ﬁﬂk*), 1D r + Zres\xey 167 10)R).
Amplify then determines the index of the optimal arm k*
(Line 12), which guarantees to output the best arm in the set
S with a probability of at least 1 — ¢”.

4.3 Query Complexity Upper Bound for Partition
Algorithm

We derive a query complexity upper bound for 0-Part (Al-
gorithm 2), and its detail proof is deferred to Appendix E.2.

Theorem 3 (Query complexity upper bound for Q—-Part of
the m-constrained quantum oracle). With confidence param-
eter 6 € (0, 1) and an arm partition B, the query complex-

ity of Algorithm 2 is O (ZSE% [Ykes ALi polylog (%2)) ,

where A = py — Uy is the reward gap of arm k, and A, is
the minimal reward gap.

As A, is the smallest reward gap, Theorem 3 simpli-
fies the upper bound to O((K/v/m)A; 1). Thus, a smaller
m (better coherence) reduces the query complexity. When
m = 1 (weak quantum oracle), Q—-Part’s complexity is
O(Yrex A7 ' log 1), which matches 0-E1im’s bound for
a weak oracle (Theorem 2). However, Q—E1im’s bound
0(10g%10g %) is better than Q-Part’s polylogarithmic
factor O (polylog 6%2) (at most log® 6%2) because Q-E1im’s
parameters are optimized for weak oracles. When m = K
(strong quantum oracle), Q—Part reduces to the algorithm
by Wang et al. (2021), as no further partitioning is needed
B = {K}). For 1 < m < K, Q-Part’s complexity
lies between that of Wang et al. (2021)’s strong oracle and
Q-Elim’s weak oracle (see (1)).

4.4 Query Complexity Lower Bounds for the
m-Constrained Quantum Oracle

In Section 4.4, we establish lower bounds to demonstrate the
tightness and optimality of the O—Part algorithm. The key
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Figure 1: Performance evaluation of Q—-E1im and Q—-Part. The results for Q—Part are based on taking the constant multi-
plicative prefactor from Lemma 5 to be 1. In reality this constant may be larger than 1 and thus the results for 0-Part and

Q-Elim are not directly comparable. Figure lc is conducted for gap = 0.01 in a simulated 127-qubit quantum computer.

challenge is proving the lower bound with the outer summa-
tion over all subsets in B (i.e., ), ge)- This summation indi-
cates that queries on each subset are “orthogonal”, meaning
information gained from one subset does not overlap with
others. To address this, we define a class of partition algo-
rithms for m-constrained oracles, which ensures that queries
on one subset of arms cannot be used to infer information
about arms in any of the other subsets. We then derive a
lower bound for any partition algorithm, as stated in Theo-
rem 4, with a proof provided in Appendix G.2.

Definition 1 (Partition algorithm class). A partition algo-
rithm for BAT with the m-constrained oracle is one that par-
titions the full arm set into several subsets at initialization,
each with at most m arms, and always follows this fixed par-
tition when querying arms during algorithm execution.

Theorem 4 (Query complexity lower bound for
m-constrained oracle). 7o identify the best arm with a prob-
ability of at least 1 — § with the m-constrained oracle with
parameter m, any partition algorithm needs to spend at least

the following number of queries, Q(Y se® v/ Lkes 1/Ai),
where B is the partition of arms.

Note that O-Part (Algorithm 2) belongs to this parti-
tion algorithm class, and if the arm partition B in the lower
bound is the same as the one chosen in O—Part, then this
lower bound matches the upper bound for Q-Part in The-
orem 3 up to some logarithmic factors. This implies that the
bounds in both Theorems 3 and 4 are tight, and Q—-Part is
near-optimal within the partition algorithm class.

5 Qiskit-based Simulation

We compare the quantum algorithms Q-Elim (for the
weak quantum oracle) and Q-Part (for the m-constrained
quantum oracle) with the classical successive elimination
SuccElim (Even-Dar et al. 2006).

We set 6 = 0.1 and K = 8 arms with mean rewards rang-
ing from 0.99 — (k — 1) X A (where k € {1,...,K}) and
vary A from 0.11 to 0.01 in steps of 0.02 to analyze its
effect on query complexity. Details of the Qiskit imple-
mentation are in Appendix H, and the code is provided in

the supplementary material. We implement Q-E1im with
m = 1 and Q—-Part with m = 2,4, and 8. For m = 8, the
m-constrained oracle is equivalent to the strong quantum or-
acle. The default confidence parameter for SuccElim is
¢ = 4 (Even-Dar et al. 2006). Results, averaged over 50 tri-
als, are shown in Figure 1.

Figure 1a (with y-axis in log-scale) shows that Q—-E1im
outperforms SuccElim, demonstrating the benefits of
quantum information with the weak oracle. As A de-
creases, SuccElim’s query complexity increases faster
than Q-Elim’s, validating the quantum improvement of
dependence on A from A2 to A~! (see Appendix H for
curve-fitting). Figure 1b compares Q-Part’s performance
for m = 2,4,8 as A varies. Increasing m improves per-
formance, confirming the advantage of quantum parallelism
predicted by the O((K /4/m)A~") bound from Theorem 3.

We also assess the impact of noise using Qiskit’s sim-
ulation of IBM’s 127-qubit device. Figure 1c shows that
0-Elim’s performance decreases by 2.38% and 8.09% for
m =2 and m = 4, respectively. For m=8, 0-Part fails due
to high noise, as the increased qubit and gate requirements
exceed practical limits, impairing the algorithm’s function-
ality. This highlights the importance to study the restrictive
m-constrained quantum oracles under a noisy environment.

6 Conclusion

In this paper, we explore the best arm identification (BAT)
problem using weak and m-constrained quantum oracles.
We introduce the m-constrained oracle, which generalizes
both the weak oracle (m = 1) and the strong oracle (m = K).
Our quantum algorithms, Q—E1im for the weak oracle and
Q-Part for the constrained oracle, offer significant im-
provements over classical methods. Specifically, O-Elim
achieves a quadratic speedup at the arm level due to quantum
parallelism, while Q—Part provides a quadratic speedup at
the subset level due to quantum entanglement. We estab-
lish query complexity lower bounds for both quantum BAI
problems that align with our upper bounds, indicating near-
optimal performance. Our experiments using Qiskit confirm
these theoretical results.
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Appendix
The appendix is organized as follows:

e Appendix A provides an extended review of related
works.

* Appendix B explains the dynamically loadable quantum
random access memory (DL-QRAM) problem and how
it maps to the m-constrained quantum oracle.

* Appendix C describes the construction detail of the
variable-time quantum oracle VTA as well as the subrou-
tine details of GoodRatio and PartShrink.

» Upper bound proofs:

— Appendix D provides the proof of the query complex-
ity upper bound for the Q-Elim algorithm for the
weak quantum oracle.

— Appendix E provides the proof of the query complex-
ity upper bound for the Q—Part algorithm for the con-
strained quantum oracle.

* Lower bound proofs:

— Appendix F proves the query complexity lower bound
for the weak quantum oracle.

— Appendix G proves the query complexity lower bound
for the constrained quantum oracle.

* Appendix H provides the details of the Qiskit-based sim-
ulations and curve-fitting of the empirical performance
evaluation.

A Related Works

Wan et al. (2023) studied regret minimization with a weak
quantum oracle for both multi-armed bandits and linear ban-
dits, and devised regret minimization algorithms for both
cases with O(log T) and O(log>/? T) upper bounds, respec-
tively. Dai et al. (2023) extended the results of Wan et al.
(2023) for linear bandits to (nonlinear) kernelized bandits
with weak oracles, Wu et al. (2023) extended the results
of Wan et al. (2023) to bandits with heavy-tailed rewards
with weak oracles, and Ganguly et al. (2023); Zhong et al.
(2023) studied regret minimization in reinforcement learn-
ing with weak quantum oracles. All of these works on weak
quantum oracles studied the regret minimization objective.
We believe our paper is the first to study the BAT problem
with a weak quantum oracle. Furthermore, we are also the
first to propose and study the m-constrained quantum or-
acle. Hamoudi (2021) provides a quantum mean estimator
for sub-Gaussian random variables, which could potentially
generalize the quantum Monte Carlo estimator (Lemma 1)
used in our paper for more general reward distributions.
Our proposed m-constrained quantum oracle in (4) is
novel. One related work is Grover and Radhakrishnan
(2005), where they studied the partial quantum search prob-
lem: first partition all items into multiple blocks, each con-
taining the same number of items, and then search which
among these blocks contains the marked item. The “partial
search” of Grover and Radhakrishnan (2005) aims to find a
block (or, subset) containing the marked item, and their ora-
cle is the same as the original one in Grover (1996). On the

other hand, the BAT problem with the m-constrained oracle
studied in this paper aims to find the best arm (the marked
item) with a novel constrained oracle.

Other interdisciplinary works involving multi-armed ban-
dits and quantum computation include (Lumbreras, Haa-
pasalo, and Tomamichel 2022; Brahmachari, Lumbreras,
and Tomamichel 2023; Ohno 2023; Buchholz, Kiibler, and
Scholkopf 2023; Naruse et al. 2019; Cho et al. 2022). For
example, Lumbreras, Haapasalo, and Tomamichel (2022);
Brahmachari, Lumbreras, and Tomamichel (2023) applied
classical bandit algorithms to learn properties of quantum
states and recommend quantum states. Ohno (2023) applied
quantum maximization and amplitude encoding to speed up
the classical e-greedy algorithm in MAR. Cho et al. (2022)
proposed quantum amplitude amplification exploration al-
gorithm for adversarial MAB. Naruse et al. (2019) built a
physical quantum system (based on photons) to implement
classical MAB algorithms. Li and Zhang (2022) studies quan-
tum speedup for optimizing approximately convex functions
with bandit feedback. While both their work and ours aim to
identify the best arm, their continuous convex setting is fun-
damentally different from our discrete action space, making
their techniques not directly applicable to our problem.

B Motivating Example of the m-Constrained
Quantum Oracle

While both the weak and strong quantum oracles were con-
sidered previously (Wang et al. 2021; Wan et al. 2023),
the m-constrained quantum oracle is introduced in this
work. Here we explain how, in addition to generalizing the
weak and strong quantum bandit oracles, the m-constrained
quantum oracle naturally captures an extension of quan-
tum random access memory (QRAM) (Giovannetti, Lloyd,
and Maccone 2008) that we call dynamically loadable
quantum random access memory (DL-QRAM). A standard
QRAM provides access to the contents of a classical array
(x1,...,xy) in quantum superpositions. However, for large
datasets, it is conceivable that only a subset of the classical
data can be read by any fixed-sized QRAM. Thus, prior to
querying the QRAM, a classical loading operation may be
needed to select the subset of data to be read in superpo-
sition. We formalize this by defining a (K, m)-dynamically
loadable QRAM as consisting of the following:

1. A classical memory Y which can store K r-bit numbers
Y= YK)-

2. A classical memory X which can store m r-bit numbers
x=(x1,...,%n), Wwhere m < K.

3. A QRAM which can access the contents of X in quantum

superposition, i.e., a unitary U such that
Ulj)1bya=1j)|b G9Xj>A ,

where [ is a log m-qubit index register, and A is an r-

qubit ancillary register.

4. Aset L ={Ly,Ly,..., L(K)} of classical memory load-
ing operations L; : {0,1}"™ x {0,1}’X — {0,1}"™ x
{0, 1}"X such that

(a) Lo(x,y) = (x,y) is the identity operation, and



(b) The indices i € {1,2, el (ﬁ)} of L; correspond to
some indexing of the subsets of S; C {1,2,...,K}
of cardinality m, and the operation L;(x,y) populates
x with the set of elements x(51) = {yj : J € Si},
where y; is the j-th element among the K elements of
y, while preserving relative ordering of elements. That
is, for S; = {j1,j2,---»Jjm} Where j; < j» < -+ <
Jm, the operation L; works as follows,

Li(x,y) = (VjisYos w5 Y j)s¥)
Then, a query to the DL-QRAM corresponds to the opera-
tion U o L for the QRAM unitary U and some L € £, and
the loading operation L can vary across queries.

The m-constrained quantum oracle defined in (4) corre-
sponds to a (K, m)-dynamically loadable QRAM where the
contents of y are the values u = (uy,..., ug), followed by
a conditional rotation (cRot) on the reward register R, con-
trolled by an ancillary register A. Denoting classical mem-
ory registers with square brackets, we have

D ailky; 10)g 104 [0]x ]y

kESi

L;
—5 > ax k) [00R 0 4 [k, Yk € Silx[ply
kESi

U . . .
— Z ai |k); |0)g |1k o (omit classical registers hereon)
kES[
cRot

=53 @k (V= e 100 + VK 1)) 12k) o

kESi

;
5 3 @l (VI= e 10)r + VAE 1Dg) 10}

keS;
Omitting the ancillary register A and classical registers
X,Y, the above mapping is exactly a realization of the m-
constrained quantum oracle in (4).
Remark 1. As defined above, a DL-QRAM involves ()
classical memory loading operations L;. However, in our
algorithm design in Section 4, we show that it is not nec-
essary to implement all (nIi ) possible corresponding queries,
and only [K/m] such L; operations suffice for our needs.

C Extended Algorithm Details
C.1 Variable-time algorithm construction

Algorithm 3 presents the pseudocode of variable-time algo-
rithm. With this algorithm, one can transfer the constrained
oracle to a VTA oracle in (6). In Lemma 4, we present the
property of the gapped amplitude estimation used in Line 4.

Lemma 4 (Gapped amplitude estimation (GAE) (Childs,
Kothari, and Somma 2017, Lemma 22) (Wang et al. 2021,

Corollary 2)). Given a weak quantum oracle Ov(v];;k with

O»(v];c);k [0) = /1 — uk |0) + \/1x |1), there is a unitary proce-
dure GAE(€, 6; £), making O (L log %) queries to O and

weak

(OR) )T, that on input (T = iy, 10) g ++AE 11 ) 00 [0) p,

prepares a state of the form

(V1= i [0 g+ [DR) (Bo 0)c [yo)p + Bi 1D lyi)p) »

Algorithm 3 VTA(OC((“?H)S, S, I, @) (Adapted from Wang et al.
(2021, Algorithm 1))

Input: Unified oracle ()C((fn)s as in (4) with arm subset S;
interval I = [a, b] where 0 < a < b < 1; approximation
parameter 0 < a < 1

Initialize: A — b —a; h — [log31+2;y « 5%

1: Initialize state to ‘/% Dkes k) (W1 — e [0) +
VK II)R10)c [0)p [1) £

2: forj=1,...,hdo

3 if registers Cy, ..., C;_; are all in state |0) then

4: Apply GAE(27/, y; b) on registers R, Cjand P;

5 Apply controlled-not gate with control on register
C; and target on register I

a

if registers Cy, ..., Cy, are in state |0) then
Flip the bit stored in register Cj+1

~

where Bo, B1 € [0,1] satisfy B3 + Bt = 1 with By < & if
pz2l—-—eandBo<Sifp <{-2e

C.2 Pseudocode of GoodRatio

We present the pseudocode of the GoodRat i o algorithm in
Algorithm 4. GoodRat io estimates the good arm ratio for
the interval I for each subset S in the partition B. The ratio
is denoted as (%),

Algorithm 4 GoodRat io(OC(g?l)s, S, 1,6)

Input: Oracle OC([,?S for the subset of arms S as in (4); in-
terval I; parameter 6 € (0, 1);
1: Construct variable-time quantum algorithms A <«
vTA(OS), S, 1,0.016)

Output: r(S) Estimate(A,e =0.1,6)

C.3 Pseudocode of PartShrink

We present the pseudocode of the Part Shrink algorithm
in Algorithm 5. GoodRat io is used in Line 3 and Line 4to
estimate the good arm ratios for the intervals (a + €, a + 3¢€)
and (a + 2¢€, a + 4€), respectively, for each subset S in the
partition B. These ratios are denoted as rl.(s) fori = 1,2.

Then, Line 5 computes the union of the events r,(;” > %

for all S € B. The indicator of the union event By and B,
signifies whether there are arms within or to the right of the
intervals (a + €,a + 3€) and (a + 2¢, a + 4€), respectively.
Based on (B, By), PartShrink then adjusts the interval
length.

D Upper Bound Proofs for BAT with Weak
Oracle (Theorem 1)

Theorem 1 (Query complexity upper bound of Algo-
rithm 1). Given confidence parameter 6 € (0, 1), the query



Algorithm 5 PartShrink ((Oc‘gf,)s)vsé%, B, 1, h, 6)

Input: Oracle OC(Ons as in (4) for each S in B; partition set
B; interval I=[a, b]; parameter he{1,2} and §€(0, 1)
Initialize: € «— (b —a)/5,6 « 6/2
1: Append arm O with mean 1 to Oc(g,)s for all subsets of
arms S € B; call the resulting oracles Oc((f,f{o”
2: for S € Bdo

3: rES)HGoodRatio(Ogig{O}),Su{O},1:(a+6,a+
3¢),0.016)

4: ;S)HGoodRatlo(Ogig{O}),SU{O}, I=(a +
2¢e,a + 4€),0.016)

5: By — {USESB{ > %}}’BZ -
HUsew {1 > 22034
6: switch (B, B>)
7. case (0,0) : J « [a,a + 3¢€]
8: case (0,1)or (1,0) : J « [a+¢€,a+4€]
9: case (1,1):J « [a+2¢e,a+5€]
Qutput: interval J

complexity of Q—E1im is upper bounded as follows,
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where log is the natural logarithm, and log, is the logarith-
mic function base 2.

Proof of Theorem 1. Correctness: If all estimates of
QuEst are correct, i.e., ux € (fix — 277, fix +27P) for all
arms in C, then the algorithm outputs arm 1. Hence, we only
need to show the probability that any of these QuEst fail is
upper bounded by ¢.

In the j" round, the probability that any of the |C| quan-

tum estimates fails is upper bounded by |C| x 2| élé =27J§.

Therefore, the total failure probability over all rounds is up-
per bounded by 72, 2776 = 6.

Query Complexity: Since failures of the QuEst proce-
dures are accounted for by the above fixed confidence, we
assume that p; € (fx — 277/, fix + 277) holds for all arms
in C, and derive an upper bound on the number of queries
needed by Q—E1im to output the optimal arm.

Consider a complete execution of Algorithm 1. Fix a sub-
optimal arm k. Denote by s the batch during which arm &
is eliminated. We show that this arm must have been elimi-
nated when 4-277 < A. Otherwise, this arm is not removed,
which implies that

. . (o)
ﬁmax+2 > ﬁ1+2 > M1,

(@ (b
/Jk+4~2 S > ,uk+3-2 J >

where inequalities is (a) and (c) are due to the confidence
interval ux € (fx — 277, fix + 277), and inequality (b)
stems from the fact that the elimination condition of Line 5
does not hold. That is, if the arm is not eliminated, we have
4-277 > py — ux = Ag, which contradicts 4 - 277 < Ayg.
Therefore, assuming the last batch that the arm & is queried

is sg, we have 4 - 275 > A;. After rearrangement, we have
2% < 4/Ag. So, we can bound the number of queries to arm
k as follows,

Sk
; K
-J
;CIZ log s <

2K 2K
< Cp log7 (s + D25 < € log — 5 log, (A )

2K &

= J(i
Cilog = Zz (+1)

Jj=1

16
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Summing the number of queries over all arms concludes the
proof. O

E Upper Bound Proofs for BAI with
Constrained Oracle (Theorem 3)

Theorem 3 (Query complexity upper bound for Q—Part of
the m-constrained quantum oracle). With confidence param-
eter 6 € (0, 1) and an arm partition B, the query complex-

ity of Algorithm 2 is O (256% [Zkes 2 polylog (5%))

where A = 1 — g is the reward gap of arm k, and A; is
the minimal reward gap.

The proof of Theorem 3 relies on two key properties of
PartShrink, captured in the lemma below.

E.1 Proof of Key Lemmas

In Lemma 5, we show the query complexity of applying the
variable-time algorithm to the Amplify and Estimate
subroutines.

Lemma 5 (Adapted from Wang et al. (2021, Lemma 3)). Let
A = VTA(Oc(gn)S, S,I=1a,b],a). Then, Amplify(A,?)
uses O(G) queries to output an index k € Sigh\USmiddle With
probability 1 — 6, and Estimate(A, ¢, ) uses O(G/e€)
queries to output an estimate Pgood Of Pgood Such that

0.1 . 0.1
(1-¢) (pgood - _) < Pgood < (1+e) (pgood + _)
m m

with probability >
1 1 1
VT * o] ZkeSuSuase TP polylog 5773

Next, we prove the key lemmas for the GoodRat io and
PartShrink subroutines.

1 — 6, where the parameter G =

Lemma 2 (Performance of GoodRatio). Given an inter-
val I = [a,b] and a confidence parameter 0 < § < 1,
there exists a GoodRatio(Oc(S,)S,S I = [a, b],6) subrou-
tine which uses O(G) queries to output an estimate pgooqd Of
the “good arm” ratio pgooq such that

0.1 . 0.1
0.9 (pgood - _) < Pgood < 1.1 (pgood + _)
m m

with probability at least 1 — 6, where the parameter G =
1 1 1
\/(b—a)2 + [ Stign| Zkeslcflusmiddlc (b—uz)? polylog ( 6(l:n—a)) :

Proof of Lemma 2. This proof is a straightforward applica-
tion of Lemma 5 to the Estimate in Output of Algo-
rithm 4. m}




Lemma 3 (Performance of PartShrink). Given h €
{1,2}, an interval I = [a, b], and a confidence parameter
0 < 6 < 1, supposing up € I and |I| > A,/8, there exists a

PartShrink ((OC(.;?S)VSE%, B, 1,h, 6) subroutine which

1. outputs an interval J with |J| = 3|1|/5 such that u, € J
with a probability of at least 1 — 8, and

2. uses O (23653 [2kes AL%( polylog (%Az)) queries.

Proof of Lemma 3. The first part of this lemma is similar to
that of Lin and Tong (2020), and we refer the reader to its
proof.

For the second part of Lemma 3, we fix a subset S €
B. We first recall the query complexity of Estimate in
Lines 3 and 4, which is

1 1 1
+ JE—
J(b - a)z |Sright| kESleﬁgSmiddle (b - luk)2

up to some polylog factors.
Next, we show the above cost is upper bounded by

O( [Sies Aii). With assumption |I| > A;/8, we have

b —a =3e =3|I|/5 > 3A,/40, which implies 1/(b — a)? =
o(1 /A%). Also, note that |Sright| > 1 because we appended
a dummy arm with mean pg = 1 to arm set S in Line 1.

Next, we bound 1/(b — uy)? by 1/(u1 — ux)? for any arm
k € Siett USmiddie- By the definition of Sieft USmiddie, We have
Ur < b—A/8, thatis, b — ux > A/8. By the assumption that
up € I and noticing b € I, we have |u, — b| < |I| = 5A/2
for h € {1,2}. If h = 1, that implies |u; — b| < |I| = 5A/2.
If h = 2, that implies |y, — b| < |I| = 5A/2, which further
suggests |u; —b| < Ay + |uz — b| < 20A + 5A/2 < 25A.
That is, regardless of whether # = 1 or h = 2, we always
have |u; — b| < 25A. Therefore,

Hi— Pk u1—b 25A

L el S I <1+ — =201,

b — i b — A/38
and so 1/(b — up)* = O(1/(u; — px)?), which proves the
second statement. O

E.2 Proof of Theorem 3

Subset-Level Elimination in Q—-Part Algorithm: Our
Q-Part algorithm introduces a novel subset-level elimina-
tion mechanism for identifying the arm subset containing the
best arm (as seen in Lines 6, 7 and the GoodRatio sub-
routine). Unlike the strong oracle algorithm in Wang et al.
(2021), this design leverages the maintained reward mean
interval [I,, I1] for the optimal and second-best arms, using
the upper bound /; to eliminate subsets that do not contain
the optimal arm. By bridging information across different
subsets, this approach reduces unnecessary queries for sub-
optimal arms within subsets that lack the optimal arm.

Proof of Theorem 3. Let E = {u; € Ii,uy €
I, during the whole while loop} denote the event that inter-
val I always covers the mean reward of optimal arm, and
interval I, for the second best arm during the execution of
QO-Part.

Correctness Correctly outputting the optimal arm relies
on (1) event E holding, i.e., Part Shrink works properly,
and (2) proper execution of Amplify in Line 12. Based on
Lemmas 3 and 5, and the iterative halving of confidence pa-
rameter in Line 6, the failure probability of both conditions
is at at most 3,5 zi,, < 4.

Query Complexity In this part of the proof, we assume
event E holds. With Lemma 3, we know that the intervals
I and I shrink by a factor of 3/5 in each iteration of the
while loop. Therefore, at the end of the ([logs 3 A; 17+3)-th
iteration, |Ix| < A;/4 for both k = 1, 2. Then,
min/; —maxl, > Ay —2 X % = % > 2|,

which fulfills the first while-stop condition in Line 2. At the
same time, min /; — max I, > 2|I;| > 0O implies that the
interval /7 only contains one arm (the best one) among all
arms in the partition set B. Therefore, except for the subset
S > 1, all other subsets S’ (# S) € B do not have arms
whose mean rewards lie in or on the right hand side of inter-

val I;. This guarantees that GoodRatio(Oé{;’s), 11,6) =0
for & # S. So, the second while-stop condition in Line 2
would also be fulfilled on or before the ([logs;; A; 19 4+3)-th
iteration.

By Lemma 3, the number of queries in Lines 2-8 is

upper bounded by O (25623 \Dkes A;z). The remaining

queries of Q—Part are from the Amplify subroutine for
the set of arms S in Line 12, which, by on Lemma 5, is

o (ZSEQS \2ZkeS Akz) and can be ignored. O

F Lower Bound Proofs for BAT with Weak
Oracle
F.1 Preliminaries

In this section, we first start by reviewing a quantum hy-
pothesis testing lower bound (Lemma 6), and then apply
this lower bound to distinguish two quantum MAB models
(Lemma 7) in Section F.2. Then, in Section 3.3, based on
the previous two lower bounds, we derive a query complex-
ity lower bound for BAT with a weak quantum oracle (The-
orem 2). Last, we derive two lower bounds for BAI with
the m-constrained quantum oracle (Theorems 6 and 4) via
tailored quantum adversarial methods in Section 4.4.

F.2 Preliminary Lower Bounds

Quantum hypothesis testing (Holevo 2003, §2.2) aims to
solve the following problem: Given multiple copies of one
of two known quantum states, [¢), [/1), determine which
of both states has been given.

Lemma 6 (Error probability lower bound for quantum pure
state hypothesis testing (Kargin 2005)). Given Q copies of
one of two pure quantum states, |Yo) or [y1) (equal prior),
the error probability of deciding which state has been given

s
1
Pefaor > 5 (1 —y1- |<lﬁo|¢11>|2Q) :



Next, we extend the hypothesis testing of two quantum
pure states to distinguishing two quantum MAB instances

0) (0 0 1 1 1
Io = (" s and I = s,
We consider the case where both instances have only one

arm ¢ that differ in their oracles:
0" 110y = V1= 0 10) + Vo I1) ,
0" 110y = V1= 1 0) + vy [1).,

that is, #20) = o # U] = ,uél), and all other arm mean

rewards are the same, i.e., ;1,((0) = ,ul((l) for all arms k # €.

Lemma 7 (Query complexity lower bound for distinguish-
ing two quantum MAB instances differing by exactly one

arm’s mean reward). Given pug, U1 € (0, }1)3, the number

of queries Q required to distinguish the quantum MAB in-
stances 1y and I;, with a Frobability of at least 1 — ¢, is

lower bounded by Q > pTy—) log %.

F.3 Proof of Lemma 7

Proof of Lemma 7. Step 1. Relax the task to quantum hy-
pothesis testing. We begin with an easier task than distin-
guishing two quantum MAB instances. We assume that the
mean reward parameters of both instances are known a pri-
ori, that is, the arm index ¢ whose mean reward differs in
instance Jy and 77 and the values of uy and u; are known.
To address this relaxed task, one only needs to pull arm ¢ and
test whether the mean reward of this arm is yg or ¢1. We note
that with the above additional information, the task becomes
easier, and, hence, the query complexity lower bound of this
relaxed task also serves as a lower bound for the original
task.

Step 2. Calculate the query complexity lower bound
from the quantum hypothesis testing result. Let /o =
sin @y and /i = sin6; for 6y, 6, € (0, §). We can rewrite
the quantum states as

[0} = V1= o |0) + o [1) = cos b |0) +sin b [1),
[1) =1 — 1 |0) +/ur |1) = cos 6y |0) +sin6 |1).

By Lemma 6, to differentiate both oracles with probability
at least 1 — 6, one needs

1
5> p8> 5 (1= = lwalen e

After rearranging the above inequality, we have
log(1 - (1 -26)?%) 1

1
= 1
2log [ Wolvn)|  —2log | Wolwn)]  © 45(1 — ?7)>

Algebraic calculations (see Appendix F.3) yield
log| Wolu)l ™' < (Bo—00%/2 and |po—pm| >
(8o — 01)?/4. Substituting both inequalities into (7)
concludes the proof. O

=z

3This assumption is needed in the algebraic calculations in Ap-
pendix F.3, and such a constant constraint assumption is common
for lower bound results because one often needs addition condi-
tions to construct difficult instances, e.g., Mannor and Tsitsiklis
(2004, Theorem 1).

Algebraic Details of Proof of Lemma 7 We first prove
2
that log | (Woly1)| ~! < M as follows.
log | (¥ole1)| =log(cos(6o —61))
a — 2\ b - 2 8
(}) log(l (6o 291) ) (}) (6o 291) 3

where inequality (a) is due to cosx > 1 — %2, and inequality
(b) is due to to log(1 — x) > —x for x € (0,0.85).

Next, we upper bound |ug — p1| with an expression of 6
and 6. With trigonometric identities, we have

Ho — 1
= sin® 6y — sin” 6,
sin?((8g — 01) +6,) — sin® 6,
sinz(ﬁo -61) cos 6 + cos2(90 -06) sin? 6,
+2sin(fy — 61) cos(8p — 01) sin By cos ] — sin® 0,
=sinfj cosf sin2(6y — 6;1) + (1 — 2 sin? 61) sinz(eo - 61).
Taking the absolute values of both sides, we obtain

lto — il

> \(1 — 2sin® ;) sin® (6 — 91)|—|sin91 cos 01 sin2(0g — 01)|
> |(1 - 2sin” 6y) sin*(6p — 61)|

(6o — 61)?
4

(@
> |(1=2um)]

2
®) (60— 61)
8
)

where inequality (a) is due to sinx > % for x € (0, 1.8), and
inequality (b) is due to p; < %.
Lastly, we conclude the proof as follows,
(a) 1 1
> log
=2log [ (Woly1)| ~ 46(1-9)
(b) 1 1

> lo
(0o—01)2 225(1-0)
(;) 1 ) 1
P> (0]
Blio — | ° 46(1 o)
] 1

> —— log—,
8|0 — p1l 846

where inequalities (a), (b), and (c) are due to (7), (8), and (9)
respectively.

F.4 Lower Bound Proof for BAI with Weak
Oracle (Theorem 2)

Theorem 2 (Query complexity lower bound for best arm
identification). Given a quantum multi-armed bandits in-
stance Iy = {u1, ..., ug } where uy € (0,1/2) for all k and
H1 > o = pg forany k # 1, any algorithm that identifies
the optimal arm with a given confidence 1 — 6, § € (0, 1)
requires Q queries to the weak quantum oracle, where



Proof of Theorem 2. For every suboptimal arm k& #
1 in 1nstance Iy, we consider another instance Jf; =

(k) (k) _
{u,", ..., ug '} whose mean rewards are the same as in in

stance Iy except for the mean reward of arm k& which as-

sumes the form ;1( ) = =ur+efor0<e < % — uy. Therefore,
in instance 7, the best arm is k # 1. Because instances Jj
and 7 have different best arms, any feasible policy must be
able to distinguish these two instances with a confidence of
at least 1 — 6. Given the additional information that all other
arms have the same means, this task reduces to distinguish-
ing two instances Jy and f; as in Lemma 2. In particular,
from the proof of Lemma 2, we know that, in order to dis-
tinguish two MAB instances that only differ in arm k’s mean
reward, spending 1/(4(Ax +€)) log 1/(48) queries on arm k
is necessary.

For the optimal arm &k = 1 in instance 7, we consider
another instance 7; = {y(l), RN K) } whose oracles are
the same as instance Jy except that the mean reward of arm
1 in 7 1s,u() = up —efor 0 < € < pp and recall that
arm 2 is the second best arm in Jy. Therefore, in instance
11, the best arm is 2. Similarly, Lemma 2 states that, to dis-
tinguish instances Zy and 77, it is necessary to pull arm 1
for (1/(4(A2 +€))) log 1/(46) = (1/(4(A; + €)) log 1/(46)
times.

Last, summing the necessary query complexity spent
on each arm and letting € go to zero yields QO >
Dkex 1/(4Ax) log 1/46). O

F.5 Alternative Lower bound Proof via quantum
adversary method for BAI with weak-oracle
In addition to Lemma 7 based on quantum hypothesis test-

ing, we provide an alternative lower bound based on the
quantum adversary method (Ambainis 2000).

Theorem 5. Given ug, uy € (u, 1 — p), the necessary num-
ber of queries to distinguish the quantum MAB instances 1
and I, with a probability of at least 1 — 6, has the following
lower bound,

1 1-2+/6(1-0)
lo =l 1+ 241/u(1-p)

Replacing Lemma 7 by Theorem 5 in the proof of Theo-
rems 2, one can obtain another two query complexity lower
bounds for BAT as follows,

0>

1-2+/6(1=90)

0> —_— .
keZ«Ak 1+ 24/1/u(1 = )

Proof of Theorem 5. Without loss of generality we assume
M1 > o and denote A = u; — po. For a = 0,1, denote

‘ Ef)> as the output after querying the oracle O, t times .

In the adversary method, we consider a weight function as

follows,
<lﬁ(t) lﬁ(t)> .
Note that so = % and, to distinguish both oracles’ output

1\26(1-6).

after T queries, we require that s <

After the ™™ query, we have

|¢(’)> = o,0|0) + o1 |1), |I#(I)> =a1,0(0) + a1 (1).

Denote the action of the quantum oracles by the following
two unitary matrices,

Then, we have

<l//(t+1)
<¢,<r>
<lﬁ(t)

1//(”])> <¢,(t>
AlA )¢<r>> <¢,<z)
Al e I|¢(’)> .

l/’(t)>
l//(t)>

Denote
[“ ] AlA -1
u

[x/uou L+ —po) (= p) =1 (= o)y = Vo - 1) |
Vio(1 = 1) = (1= o)1 ioms + (1 = po) (1= py) = 1
‘We have

|ut] vl
Isee1 = 52| < p|010,00zl,0 +aga,0| + E|ao,06¥1,1 — ag 11|
(@) |u|+ |v|
<
A2

®) 14 2y1/pu(1 - p)
=< A b

where (a) is due to the Cauchy-Schwartz inequality, and (b)
is due to the fact that

Jul =1 = VizorT = V(T = ) (1= 1)
S[I=po—(1-pm)l=A
V] = M1 — Ho A
VA= oy + o — 1) Zx/u(l—u)
At last, we have

1+24/1/p(1 = )
. A _

1
Az( —24/6(1 - ))<|sT—so|<

Rearranging the above equation yields

1 1-2Y5(1-9)

TA 2T (- )

G Lower Bound Proofs for BAI with
m-Constrained Oracle (Theorems 6 and 4)

In this section, we first prove a query complexity lower
bound for the m-constrained oracle in Theorem 6 which suits
any quantum algorithm that uses the m-constrained oracle.
Then, we turn the prove an improved lower bound for parti-
tion algorithms (Definition 1) in Theorem 4 that is presented
in the main paper.



G.1 Proof of Theorem 6

Theorem 6 (Query complexity lower bound for
m-constrained oracle (Version 1)). Given u; € (p,1—p)
for all arms k € K with p € (0,1/2), identifying the best
arm with probability at least 1 — § requires at least

1 1 )

E max E —
2 Q= 2

A /S,|S|—m s Ak’

keK Tk

Q

queries to the m-constrained oracle.

Proof of Theorem 6. This proof is based on the quantum ad-
versarial method. We first construct instances and define the
weighted summations that are key components in configur-
ing the adversarial method. Next, we bound the difference
of any two consecutive weighted summations, which is the
central step in applying the adversarial method, and this step
needs tailoring to our m-constrained oracle setting as the
standard adversarial method assumes a strong oracle (i.e.,
allows one to query all arms/items concurrently).

Step 1. Construct instances and define weighted sum-
mation. We define K instances as follows,

5lJK}»
sﬂK}’

-Z-l = {ﬂl?ﬂZv
-[2 = {ﬂl»ﬂ’]’~-'

Tk = {1, p2, - ..o p1h ),

where uy > pp > -+ > pg and i = py + ¢ for some
parameter ¢ > 0. We also denote A} = u| — u; = A; + ¢ for
alli € {1,2,...,K}. Thatis, in each instance 7;, the arm i is
optimal.

We define the weight summation for adversarial method
as follows,

|¢/1t>

\\Mw

where the summation is taken over all K instances, and |¢/,-, ,>
is the superposition after ¢ times of m-constrained oracle
queries and other unitary operations for instance 7;. As the
initial states |z//, o) are the same, we have

K
0=
i=1

l

As any of these two instances have different optimal arms,
to correctly identify the best arm, we need to be able to dis-
tinguish any two states |l,[/i’T> of different instances after the
last 7™ query with a probability of at least 1 — §. Distin-
guishing two quantum states requires that <4//i,T|:ﬁ0,T> <

24/6(1 — 8) (Kaye, Laflamme, and Mosca 2006, Appendix
A.9). That is, the weight summation sy at the last query
should be bounded as follows,

1
sT<ZA—2-2 5(1-0).

k>1 "k

Step 2. Bound the difference of two consecutive
weighted summations. In this step, we upper bound the dif-
ference of two consecutive weighted summations, i.e.,

S+l — Z (A

Denote

(Wi, \lﬁo r+1) — (lﬁi,t|lﬁ0,z>) .

Ay = [ Y, 1- Mk VHE
N/ |
[V ~ K VH
Vi N1
as the unitary when querying arms k£ € K and the arm with
mean | respectively. Denote \wi,,> = Yk @ik, |k, 1) and

W’Lt} = Yk.r @1k, |k, r) where k € K is an index for arm
and r € {0, 1} is an index for reward. Then we have

[Wiee1) = OC((i’;l,) i)

],Vke‘K,

= D> k) Aclr) + ) e ) AP 1{i € Sia),

keSpa\{i}.r

i) = OC(;?]’;I]) i) = Z ark,r k) A |r) .

k€Ssi1,r

Then, we have
Wierilpree) = Wialpre)

Wil (05:7) 05 W) ~ ialvn)
Zamm ir (7] ((A )TA; —1) IF") 1{i € Syu1}.

Hence, we can calculate the consecutive difference as fol-
lows,

K
St =50 = ) > @ty e 1 ((ADTA = 1) 1) 1 € S}

i=1 r,r’

Z Za”,al,r<r ((A e —I)|r)

i€8i 11’
The matrix in the middle is
(ADTA; -1

(A= = i)+ Juhp = 1

—\/(1 — Wi + \/ﬂﬁ(l - i)
To simplify the remaining calculations, we denote u; =
VA =) (1= i) + Jpipi = 1and v; = (1= p))p; -
Vi (1= ).

Then we can bound the absolute value of s;+1 — s; as fol-
lows,

[sr+1 = 8¢] <
Z (Z |u/i|2|a,l i r||a'l i " Z |v/l|2|a’i,i,r||a'l,i,r’)
(€84 \r=r’ (Al) rer’ (A )

V= im = i (1= )
A=) = i) + i -

)



It is easily verified that |u;] < A} and |v;] <
a for p € (0, 1/2). Next, we bound the two

2y (p-e)(1-(p-¢€))

terms in the above inequality as follows,

>y %pi,,-,rnal,i,A

(€S r=r’
(a) Ju* 2
< Z (A/)4‘ i,i,r Z |al,i,r|
(€Ssy1,r=r" (€S 41,r#r’

1
2y
AV

€541 (Al)

where inequality (a) is due to Cauchy-Schwarz inequality.

Z Z (|V,l)2‘a,llr||allr|

€S

=Y Y el

- o 1Yy LT

r#Er’ i€ Sy (Ai)

(@) vil? 2

< Z _(Al,)4|a'i,i,r| Z |a'l,i,r|
r#r’ 1€S8r41 i (€841

v<p—e)<1 —(p-9) ; (>

where, again, we use Cauchy-Schwarz in (a).
Then, we have

1 1
See1 — 8¢ < |1 —-
i S|<( +v(p—e)m—(p—e))) ; (a7

Step 3. Combine Steps 1 and 2 to conclude query com-
plexity lower bound. We combine the results of Steps 1 and
2 to give:
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Rearranging this inequality yields
K _1
1 -2+/6(1 -96) i=1 (A7)?
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Let € = p(u; — 1) /2, we have

ER

A< Af=pite—p < (1+§)(#1 - i) < A,

and

Vp-o(l-(p-e) > g( -g).

Therefore, we have

K 1
|16 1-25(1-0) i=1 a2
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which concludes the proof.

G.2 Proof of Theorem 4

Theorem 4 (Query complexity lower bound for
m-constrained oracle). To identify the best arm with a prob-
ability of at least 1 — & with the m-constrained oracle with
parameter m, any partition algorithm needs to spend at least

the following number of queries, Q(Y sec A/ Xkes I/Ai),

where B is the partition of arms.

Proof of Theorem 4. The proof of Theorem 4 is also based
on the quantum adversarial method, and it has three steps as
that of Theorem 6. The first step in the instance construction
is the same. Below, we present Steps 2 and 3. Denote B as
the partition of any algorithm and, for any S € B, define the
following partial summation

(S) Z

ieS

(A/)z 'I’l tilpl t>

Then, we have s; = X g st S) 1In the proofs of Steps 2 and
3, we fix one subset of arms S € B.

Step 2. Bound the difference of two consecutive
weighted summations. In this step, we upper bound the
difference of two consecutive weighted summations for the
subset of arms S, i.e.,

)5S 2 1S =8} Y 0

’7\2
tGS(A)

With similar derivation as the Step 2 proof of Theorem 6,
we have

() (S)
t+1 -5 |

1
<US =S}|1+ ,
' ( «/<p—e>(1—<p—e)>) ;S< A2

Step 3. Combine Steps 1 and 2 to conclude query com-
plexity lower bound. For the fixed subset of arms S, we

(Wi, |W0,041) = (Winewo,e ) -
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(Step2) 1 1
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where we denote 75) := 3)T_ 1{S, = S} as the number of
times that the arm subset S is queried among 7 rounds.
Rearranging this inequality yields

1 —2+6(1-6)
7(S)
" 1s INp-ol-(p-o) Z (A7)?

Then, with similar derivations as the Step 3 proof of The-
orem 6, we have

<7 (1 + !

r& 5 16 1-26(1-96) Z L

2514 1/y(p/2) (1 - (p/2)) s A

Notice that T = ¥ g. T'S), we then prove the query com-
plexity lower bound as follows,

16 1-26(1-0) Z 1
251+1/ (p/z)(l_(p/z)Se% zeS

H Detail of Qiskit Implementation of
Quantum Subroutines

For our quantum algorithms, we use the Qiskit Python
package (Qiskit contributors 2023) to implement all quan-
tum subroutines (QuEst, Amplify, and Estimate), ex-
cept for the VTA subroutine, which does not have a standard
Qiskit implementation. Instead, we use a simplified quan-
tum circuit that produces the same output as described in (6).
Consequently, when counting the query complexity contri-
bution from VTA, we use its theoretical upper bound from
Lemma 5 (with the constant coefficient hidden by the big-
O notation taken to be 1, noting that the constant may not
be exactly 1; the true performance of Q—Part could differ
from the numerical values presented by a multiplicative fac-
tor, making its numerical performance not directly compara-
ble with SuccElimand Q—E1im) and the polylog factor in

the expression for G taken to be log Sh=a) e ) (the polyno-
mial degree of the logarithmic factor could potentially im-
pact the relative performance of Q—Part with different val-
ues of m, compared to the values depicted in Figure 1b; how-

ever, in the asymptotic limit of small gap A or large number

3 5 x10°

3.0 e SuccElim
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E 2.5 & Q-Elim
gz.o -=-- Q-Elim-fit
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g T .
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A
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(b) 9—Part with different m

Figure 2: Curve-fitting of the empirical performance eval-
vation of Q-Elim and Q-Part. The fitting curves are
y = a/x*+b for SuccElimand y = ¢/x+d for the quantum
algorithms.

of arms K, the relative order will agree with that illustrated
in Figure 1b).

To further illustrate the relation between the empirical
query times with our theoretical query complexity bounds,
we provide fitting curves for the empirical data in Figure 2.
For fitting, we used y = a/x? + b for the SuccE1lim (clas-
sical) plot and y = ¢/x + d for the quantum plots, where
y represents empirical sample/query counts, x is the gap A,
and a, b, ¢, and d are constants. Although we cannot include
new figures in the rebuttal, we report the R> values (closer
to 1 indicates a better fit), and we will add these figures to
the final paper version.

In Figure 2a, the fitting curve for SuccElim achieved
R? = 0.9998, and for QElim, R*> = 0.9941. For Fig-
ure 2b, the R? values for QE1im with m = 2,4, 8 are 0.9159,
0.8854, and 0.9647, respectively. These results confirm that
the query complexity of the quantum algorithms indeed de-
pends on 1/A, aligning with our theoretical findings. The
slightly lower R? values for Figure 2b are likely due to
the actual sample complexity bound of Q-Part, which in-

volves D se® [ Xkes ALZ and depends on the arm partition
k
B, approximating but not strictly matching 1/A dependence.



